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Abst rac t - -The  aim of this paper is to present a spatial decay estimate in the thermoelasticity of 
Type III. We prove that the rate of decay is bounded below by an exponential of a second degree 
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1. INTRODUCTION 
In the early 1990s, Green and Naghdi [1-4] developed a theory for describing the behavior of a 
body which relies on an entropy balance law rather than an entropy inequality. A quantity T, 
the "empirical" temperature, was introduced and a so-called thermal displacement variable 
S = T(x, s) ds + C~o, to 
,~s well. This approach as been considered in several theories. In this paper, we consider the one 
(alled thermoelasticity of Type III. In the absence of body force and heat supply, the equations 
for this theory may be derived from [2] and for a homogeneous and centrosymmetric body they 
,~l'e 
fl(ti ---- (a~jkhUk,h ),j -- (aij 0).) , ( 1.1 ) 
,3 
where u, is the displacement vector; 0 is the temperature change with respect to the uniibrm 
reference temperature To; p is a positive constant which denotes the mass density; c is also a 
positive constant which denotes the specific heat; aijkh is the elasticity tensor; aij is the matr ix 
of thermal expansion; b~j is the matrix of thermal conductivity, and k~ 3 is a matrix which is 
characteristic of this theory. It is worth recalling that  a uniqueness result for the initial boundary 
value problem associated with system (1.1),(1.2) was proved recently in [5]. 
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The spatial behavior of transient hyperbolic problems is well known. For every finite time, 
the displacements on a finite end have no influence at a sufficiently large distance (see [6-8]). 
This is not the case when the equations of the elasticity are coupled with some process that 
allows infinite speed of propagation. It occurs in the classical theory of thermoelasticity and in 
the viscoelasticity of "rate type". In both cases, the spatial decay can be bounded below by 
a polynomial of second degree (see [9-11]). In this note, we prove that the spatial behavior in 
the thermoelaticity of Type III can be estimated in a similar way. The spatial decay estimates 
of concern in the present paper are of interest in connection with studies on Saint-Venant's 
principle in thermoelastic theory. (See [12-14] for a view of results on Saint-Venant's principle.) 
it is worth remarking that the existence of the solutions can be guaranteed as in the case of the 
linear viscoelasticity [9]. 
The plan of the paper is the following. In the next section, we obtain a one-dimensional partial 
differential inequality satisfied by the solutions of the system. Section 3 is devoted to studying 
the consequences of this one-dimensional differential equation. 
2. THE PROBLEM 
We consider a beam that occupies the region B = [0, oo) x D, in the n-dimensional (n = 2 
or 3) Euclidean space, where D is a bounded, simply-connected domain in (n - 1)-dimensional 
Euclidean space with smooth boundary. 
The displacement u,(x, t) and the temperature 0(x, t) satisfy system (1.1),(1.2). We assume 
the boundary conditions 
u i=0,  0=0,  [0, oo) xOD,  (2.1) 
and the homogeneous initial conditions 
Oui O0 
ui(x,0) = -~ (x, 0) = 0(x,0) = -~- (x, 0) = 0, D. (2.2) 
Letters in boldface denote vectors or tensors; summation and differentiation conventions are 
assumed; subscripts preceded by a comma denote partial differentiation with respect o the cor- 
responding Cartesian coordinate; summation over repeated subscripts is implied. A superposed 
dot means a time derivative. 
We define the functions 
T,j = aijkh ttk,h -- a,jO, mi = kikO,k, ni = bikO,k, (2.3) 
and 
W: ~1 (aijkhi~i,jitk,h + CO 2 + kijO,i04) • (2.4) 
We will obtain a spatial decay estimate when 
(i) T~17il _< 2ClI~ ~, ~'}'~,1 ) ~ 2C2W; 
(ii) kijO iO,j >_ 0 and bi30.iO j > 0; 
(iii) the elasticity coefficients are symmetric in the sense that a~jkh -=  akh~j and the tensors  bij 
and k~j are also symmetric. 
In (i), we assume that C1, C2 are positive constants. 
We define the fimction 
Eo(z, t) = - (7ilU.i,vv + (ml + nl)O v, ) da drl. 
(z) 
(2.5) 
We have denoted by D(z) the intersection of the region B and the hyperplane Xl = z. 
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As we want to obtain an upper estimate of the spatial decay of the solutions, it is natural to 
assume that 
lim Eo(z , t )  = 0. (2.6)  Z'--* OO 
If we use the divergence theorem, evolution equations, boundary conditions, asymptotic on- 
dition (2.6), and initial conditions, we have 
L /0'£ 1 (pftifti + 2W) dv + bqOinOjv dv &l. (2.7) Eo(z,t) = -~ (z) (z) 
Here, we denote B(z) = {x ¢ B, xl _> z}. The function 
F EI(~, t) = E0(~, t) d~ (2.S) z 
satisfies 
OEI 
= -£o  (2.9) 
Oz 
and 
/o I'/. 02E1 _ 1 (p~t~fti + 2W) da + bdO,i~04, dadr]. (2.10) Oz 2 2 (2) (z) 
We also have that 
OEI _ ~ (T, l i i .~+(ml+nl)O) dv. (2.11) 
Ot (z) 
It is worth remarking that 
£ F/o /7/° '/. rt lO dv = bilO0,i dv = bll~)~) 1& . . . .  bnO 2 da. (2.12) (z) z (~) (~) ' 2 (z) 
Thus, we have 
~B \ / -21/D(2) bnO2da" (2.13) OE, _ (r,,ft, + m,O~ dv + Ot (z) 
Our next step is to estimate the time derivative of E1 in terms of the first two spatial derivatives 
of El. From Assumption (i), we see that 
B "" dv 0E1 (~) ~:~ui <_ 3Eo(z, t) = -/3 0z (2.14) 
and 
JB mlOdv <_ -C20E1 C2Eo(z,t) (2.15) 
(z) Oz 
where 
= (C lp -1)  1/2. 
Assumption (i) also implies that 
fD be' (0)2 da <_ R 02E'oz----i-, (2.16) 
(z) 
where 
bn 
R = - - .  (2.17) 
C 
Estimates (2.14) (2.16) allow us to obtain the inequality 
0E l  < - i l l  0E l  c92E1 (2.18) 
0--7- - -o-7-z + R &---7-, 
where 
/31 = ~ + C2. (2.19) 
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3.  THE ONE-DIMENSIONAL D IFFERENTIAL  INEQUAL ITY  
In this section, we study the asymptot ic  behavior of solutions of the one-dimensional partial 
differential equation (2.18). Adding (1/4R)f l~E1 to both members, we see that  
02 F1 OFa + a2RF 1 < R -  (3.1) 
Ot - Oz 2 ' 
where 
and 
fl l a-  2R (3.2) 
F1 (z, t) = exp( -aZ)E l  (Z, t). (3.3) 
An est imate for the solutions of (3.1) has been given, for instance, in [15]. Thus, we shall proceed 
in a standard form. If we define the function 
v(z, t) = exp(#t)F1 (z, t), (3.4) 
where # = a2R, then v must satisfy the problem determined by the differential inequality 
0% R_ 10v 
Oz---- 5 - -~  )_ O, (3.5) 
for z _> O, t > O, the initial condition v(z, O) = O, when z _> O, and the boundary conditions 
v(O, t) = exp(pt)El(O,  t), v(z, t) --~ 0 as z --~ oz. An upper bound for v(z, t) can be obtained in 
terms of the solutions of the init ial-boundary-value problem for the one-dimensional parabol ic 
equation 
02W _ R_  10.....W~ = O, (3.6) 
Oz 2 Ot 
the initial condition w(z,O) = 0, when z _> 0 and the boundary condition w(0, t) = exp(pt)  
El(O,t) = 9(t), w(z , t )  --+ 0 as z --~ oc. The solution of this problem is well known. We have 
(see [16]) 
z g(s) exp as. (3.7) 
w(z, t) - (47r~)1/2 (t ---s)---a/2 4R(T 2 s) 
Hence, we have proved that  
If  we denote 
we obtain 
El(Z, t) <_ exp(az - t~t )  sup [exp(l~s)E,(O , s)] 
0<s<t  
x (47cR)1/------- ~ (t - s)-3/2 exp 4R( [ -  s) ds. 
/o z t s -a/2 - g-R--~s k/I(z, t) - (4rr/~)1/2 exp ds, 
El(z ,  t) <_ exp(az - pt) sup [exp(pS)El(0, s)]2~J(z, t). 
0<s<t 
If we make the change of variable r 2 = z2/4Rs, we see that  
21f(z, t) = erfc - -  
(4Rt) l /2'  
If we recall the est imate 
where erfc (x) = 
exp (- .2) 
v/~ erfc (x) < , * > 0, 
* 
exp ( -~)  <. 
(3.8) 
(3.9) 
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we obtain 
where 
exp(az-(z2/4tR)) 
El(Z,t) <_ A(t) (3.10) 
A(t) = (4tR) 1/'2 exp(-#t) sup [exp(#S)El(O, s)]. 
O<s<t  
It is clear that the right-hand member of (3.10) is bounded by the product of a positive exponenti~tl 
of linear type and a negative xponential of quadratic type. Thus, for z large enough, we see 
that the spatial behavior is that of the parabolic equations. An upper bound for the amplitude 
term A(t) can be obtained as in other similar problems (see [10,11]). 
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